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A b s t r a c t
A l t h o u g h  B-spline curves a n d  surfaces have enjoyed a long established place in the graphics 
c o m m u n i t y  as constructive m o d e l i n g  tools, the use of B-spline approximation techniques 
has received relatively little attention in rendering. In this w o r k  w e  explore the use of 
4 D  a n d  5 D  tensor product B-spline functions to represent surface radiance, a n d  establish 
that, w h e n  appropriately applied, they can be used effectively for static scenes with diffuse 
to moderately specular elements. O n c e  c o m p uted, the surface radiance representation is 
v i e w  independent, ca n  b e  evaluated quickly, a n d  is equally suited for incorporation into 
ray tracing or scan-line rendering algorithms. Furthermore, w e  use B-spline a p p r o x i m a ­
tion techniques to solve the p r o b l e m  of global illumination for general parametric surfaces 
with a w i d e  range of reflectance a n d  transmission properties. W e  conclude that address­
ing functional approximation aspects offers a fertile research g r o u n d  relative to the already 
impressive gains that splines have m a d e  in other fields.
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A b s t r a c t
A lth o u g h  B -sp lin e  cu rves an d  su rfaces hav e  en jo y ed  a  lo n g  e s ta b ­
lish ed  p la c e  in  th e  g rap h ics co m m u n ity  as co n s tru c tiv e  m o d elin g  
to o ls , th e  u se  o f  B -sp lin e  a p p ro x im a tio n  tech n iq u es  h as rece iv ed  
re la tiv e ly  little  a tten tio n  in  re n d e rin g . In  th is  w o rk  w e  ex p lo re  the  
u se  o f  4 D  an d  5D  ten so r p ro d u c t B -sp lin e  fu n c tio n s  to  re p re se n t su r­
face  ra d ia n c e , an d  e s tab lish  th a t, w h e n  ap p ro p ria te ly  a p p lied , they  
can  b e  u se d  effec tiv e ly  fo r sta tic  sc enes w ith  d iffu se  to m o d era te ly  
sp e cu la r e lem en ts . O n c e  co m p u te d , th e  su rface  ra d ia n c e  re p re se n ­
ta tio n  is v iew  in d e p e n d e n t, can  be  ev a lu a ted  q u ick ly , an d  is eq u a lly  
su ited  fo r in co rp o ra tio n  in to  ra y  trac in g  or sc an -lin e  ren d e rin g  a l­
g o rith m s . F u rth e rm o re , w e  u se  B -sp lin e  a p p ro x im a tio n  tech n iq u es 
to so lv e  th e  p ro b lem  o f  g lo b a l illu m in a tio n  fo r g en e ra l p a ra m e tric  
su rfaces w ith  a  w id e  ran g e  o f  re flec ta n ce  an d  tran sm iss io n  p ro p e r­
tie s . W e co n c lu d e  th a t ad d ress in g  fu n c tio n a l a p p ro x im a tio n  a sp ec ts  
o ffe rs  a  fe rtile  re se a rc h  g ro u n d  re la tiv e  to  th e  a lread y  im p ress iv e  
g ain s th a t sp lin es have  m a d e  in  o th e r  fields.
C R  Categories: I.3 .3  [C o m p u tin g  M e th o d o lo g ies]: C o m p u te r  
G rap h ics— P ic tu re /Im ag e  G en era tio n ; I.3 .7  [C om pu ting  M e th o d ­
o log ies]: C o m p u te r  G rap h ics— T h ree -D im en s io n a l G rap h ics and  
R e a lism
Keywords: C u rv es &  S urfaces, I llu m in a tio n , N u m erica l A na ly s is , 
R a y  T racing , R e n d erin g
1 I n t r o d u c t i o n
A  fu n d am en ta l q u an tity  in  rad io m e try  an d  th e re fo re  in  p h y sic a lly -  
b ased  ren d e rin g , ra d ia n c e  can  in tu itiv e ly  b e  th o u g h t o f  as ra d ia n t 
p o w er ca rr ie d  a long  a  line. S p ec tra l ra d ia n c e  d ep en d s  o n  bo th  sp a ­
tia l p o sitio n  an d  d irec tio n  as w e ll as w aveleng th . M o re  fo rm ally , in 
an  a rb itra ry  en v iro n m en t e ith e r  sy n th e tic  o r rea l, ra d ia n c e  is g iven  
by  th e  p l e n o p t i c  f u n c t i o n  o f  sp a tia l p o sitio n , d irec tio n , tim e, and  
w av e len g th  an d  th e re fo re  rep re sen ts  th e  a p p ea ran ce  o f  an  en v iro n ­
m e n t fro m  a ll p o ss ib le  v an tag e  p o in ts  fo r a ll tim e . To hav e  access to 
th e  p len o p tic  fu n c tio n , th e re fo re , is to  m ak e  ren d e rin g  a  s im p le  m a t­
ter. T h e  p ro b le m  o f  rep re sen tin g  an d  sto ring  a  g o o d  ap p ro x im a tio n  
to th e  p le n o p tic  fu n c tio n  fo r su b seq u en t ev a lu a tio n  is th e  p ro b lem  
o f  im ag e-b ased  ren d e rin g . C o m p u tin g  th e  p le n o p tic  fu n c tio n  itse lf  
is m o re  c lo se ly  re la te d  to  th e  p ro b lem  o f  g lo b a l illu m in a tio n .
C o m p u te r  g rap h ics en v iro n m en ts  ty p ica lly  co n s is t o f  a  c o lle c ­
tio n  o f  su rfaces w ith  specified  re flec tio n  an d  tran sm iss io n  p ro p e r­
ties. A n y  em ittin g  su rface  in  th e  en v iro n m en t has an  in trin s ic  r a d i­
a n ce  em iss io n  an d  d irec tly  illu m in a tes th e  re s t o f  th e  env ironm en t. 
A  su rface  can  a lso  se lf- illu m in a te  i f  it  is  n o t convex . A ll su rfaces 
c an  co n tr ib u te  in d ire c t illu m in a tio n  by  re flec te d  rad ian ce . G lo b a l 
i llu m in a tio n  is th e  p ro b le m  o f  co m p u tin g  final su rface  ra d ia n c e  a c ­
co rd in g  to lig h t tran sp o rt theory . I f  th e  reg io n  b e tw een  su rfaces in 
g rap h ics en v iro n m en ts  do es n o t a tten u a te  o r  sca tte r ligh t, th en  the  
ra d ia n c e  leav in g  a  su rface  rem a in s  co n s ta n t a lo n g  a  line . W ith  th is 
s im p lifica tio n  rep re sen tin g  th e  p len o p tic  fu n c tio n  re d u c e s  to re p re ­
sen ting  a ll su rface  rad ian ce  func tio n s.
O n e  o f  o u r go a ls  h e re  is to  illu s tra te  th e  ad v an tag e  o f  g o o d  a p ­
p ro x im a tio n  m e th o d s  b y  usin g  ten so r p ro d u c t B -sp lin es to  re p re se n t 
su rface  ra d ia n c e  fu n c tio n s d irectly . W h ile  i t  is w e ll u n d e rs to o d  th a t 
th is m e th o d  can  w o rk  fo r a  w id e  v arie ty  o f  situ a tio n s w h e n  en o u g h  
k n o ts  a re  in tro d u c ed  in  each  d im en sio n , th e  ap p ro ach  m u s t b e  c a re ­
fu lly  m an a g e d  to  avo id  an  ex p lo s io n  in  th e  s to rag e  req u irem en ts . 
T h ere fo re , in  w h a t fo llow s, it is im p era tiv e  to  find g o o d  re p re se n ­
ta tio n s o f  su rface  ra d ia n c e  b y  ex p lo itin g  th e  in trin s ica lly  p o w erfu l 
p ro p e rtie s  o f  B -sp lin e  ap p ro x im a tio n . In  p u rsu in g  th ese  g o a ls  w e 
favor v isu a l ap p ea ran ce  abo v e  n u m erica l accuracy .
U sin g  a  B -sp lin e  re p re se n ta tio n  fo r ra d ia n c e  in  a  scen e  m o d e led  
w ith  B -sp lin e  su rface  g e o m etry  y ie ld s a  u n ifica tio n  lead in g  to  a  
m o re  trac tab le  g lo b a l illu m in a tio n  p ro b lem .
1 .1  P re v io u s  W ork
C e n tra l to  th is p ap e r is th e  c o n c e p t o f  re p re sen tin g  ra d ia n c e  to c a p ­
tu re  su rface  ap p earan ce . T h is  is a  co re  p a r t  o f  re a lis tic  im ag e  sy n ­
th es is , an d  a re a  w h ere  th e re  has b een  a  lo n g  an d  im p re ss iv e  h is to ry  
o f  re se a rc h  in  th is area . D e te rm in in g  su rface  ra d ia n c e  en ta ils  so lv ­
ing  th e  g lo b a l illu m in a tio n  p ro b lem .
C o m p u tin g  g lo b a l illu m in a tio n  (G I)  invo lves th e  so lu tio n  o f  a  
sy s tem  o f  in teg ra l eq u a tio n s  in  th e  su rface  ra d ia n c e  fu n c tio n s. O n e  
o f  th e  e a r lie s t m e th o d s  fo r G I  is  th e  ra d io s ity  m e th o d  [C o h en  and  
W allace  1993; S illio n  an d  P u ech  1994] in  w h ich  co n s ta n t rad ian ce  
is a ssu m ed  o n  a  fin ite  c o llec tio n  o f  su rface  p a tch es . T h e  b as ic  ra- 
d io s ity  m e th o d  has b een  im p ro v ed  in  a  v arie ty  o f  w ay s an d  it  has 
b een  ex ten d ed  to  m o re  g en e ra l ty p es o f  l ig h t tra n sp o rt ( e . g . ,  [R u sh ­
m e ie r  an d  T orrance  1990; C h ris ten sen  e t  al. 1997]).
M an y  o f  n u m ero u s  g lo b a l illu m in a tio n  m e th o d s  th a t have  been  
d ev e lo p ed  in  re c e n t years  a re  cu rre n tly  bein g  used  in  p rac tice . S ta ­
tis tica l ra y  trac in g  m e th o d s  such  as M o n te  C a rlo  in teg ra tio n , pa th  
trac in g [S h ir ley  2000], an d  M e tro p o lis  sam p lin g  [V each an d  G u ibas 
1997] so lve  th e  G I p ro b le m  by  s im u la tin g  th e  p a th  lig h t takes 
th ro u g h  th e  env iro n m en t. M o re  recen tly , th e  p h o to n  m ap  tech n iq u e  
has b een  su c cess fu lly  ap p lied  b o th  fo r ra d ia n c e  re p re se n ta tio n  and  
g lo b a l illu m in a tio n  [Jensen  2001].
M u c h  in v estig a tio n  h as in to  rep re sen tin g  th e  p le n o p tic  func tio n , 
g en e ra l rad ian ce , an d  th e  l i g h t  f i e l d  has b een  d o n e  in  re c e n t years, 
em p h as iz in g  bo th  e ffic iency  o f  re p re se n ta tio n  an d  in te rac tiv e  ev a lu ­
a tion . [P e ter an d  StraBer 2001; G o rtle r  e t al. 1996; L evoy  a n d  H an - 
rah an  1996; P e te r  an d  S traB er 2001; C h ris ten sen  e t  al. 1994]
1 .2  O v e rv ie w
In  th is re sea rch  w e  u se  ten so r p ro d u c t B -sp lin es  to  re p re se n t su rface  
rad ian ce . S ec tio n  2 co n ta in s m a th e m a tic a l b ack g ro u n d , in c lu d in g  a  
rev iew  o f  ten so r p ro d u c t B -sp lin e  fu n c tio n s an d  th e ir  ap p ro x im a tio n  
p ro p e rtie s . U sing  so m eth in g  ak in  to an  im ag e-b ased  ap p ro ach , S ec ­
tio n  3 dev e lo p s th e  a p p ro x im a tio n  m e th o d  fo r  ex is tin g  su rface  r a ­
d iance . S ec tio n  4  th en  ex p lo its  th e  B -sp lin e  rep re se n ta tio n  to  so lve  
th e  ra d ia n c e  in teg ra ls  an d  d evelops a  g lo b a l illu m in a tio n  a lg o rith m  
in  th e  sp ir it o f  th e  g a th erin g  ap p ro ach  u se d  in  rad iosity . S ec tio n  5 
d isc u sse s  im p lem en ta tio n  issues, in c lu d in g  how  th e  ten so r p ro d u c t 
B -sp lin es  a re  in co rp o ra ted  in to  th e  ren d ere r, an d  p e rfo rm a n c e  o b ­
se rvations . In  S ec tio n  6 , w e  d iscu ss fu tu re  d irec tio n s in d ica ted  by  
th is re sea rch .
2  M a t h e m a t i c a l  P r o b l e m  F o r m u l a t i o n
F ig u re  1: G e o m e t r y  f o r  s u r f a c e  r a d i a n c e  a n d  l i g h t  t r a n s p o r t .  T h e  
o u t g o i n g  s u r f a c e  r a d i a n c e  a l o n g  a  r a y  L R  i s  a  f u n c t i o n  o f  b o t h  
s u r f a c e  p o s i t i o n  a s  w e l l  a s  t h e  a n g l e  t h e  r a y  m a k e s  w i t h  t h e  l o c a l  
c o o r d i n a t e  a x e s .  L R  c a n  b e  c o m p u t e d  b y  i n t e g r a t i n g  i n c o m i n g  r a ­
d i a n c e  o v e r  t h e  h e m i s p h e r e  f i  a b o v e  t h e  s u r f a c e ,  o r  f r o m  a  s u r f a c e  
i n t e g r a l  o v e r  a l l  e m i t t i n g  s u r f a c e s  E .
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w h ere  || || d en o te s  E u c lid e an  d istan c e . N o te  th a t th e  lo c a l co o r­
d in a te  axes a re  fu n c tio n s  o f  th e  p a ram e te rs  u  an d  v  an d  th a t the  
v ec to r z s  is  th e  u n it  su rface  n o rm a l a t p a ra m e te r  v a lues (u , v ) . T he 
lo ca l f ram e  co o rd in a tes o f  a  v ec to r d  a t  th e  su rface  p o in t s ( u ,  v ) 
a re  g iven  b y  ( d  • x s , d  • y s , d  • z s ). T h e  lo c a l f ram e  a lso  induces 
a  c o o rd in a te  sy s tem  in  (9, 0 )  fo r th e  lo ca l u n it h em isp h e re  above 
th e  surface . T h ese  sp h e rica l co o rd in a te s  a re  u se d  to sp e c ify  a  d i­
re c tio n  o n  th e  su rface . I f  r  is  a  p o in t in  sp a ce  d iffe re n t fro m  the  
su rface  p o in t s ( u , v ) ,  th en  th e  sp h e rica l co o rd in a tes  o f  th e  d ire c ­
tio n  d  =  r  — s ( u ,  v )  a re  g iv en  by
9
d z s
0  =  a r c t a n ( d - y s , d - x s )
(4)
(5)
w h ere  th e  fu n c tio n  a r c t a n ( a ,  b )  d en o te s  th e  tw o  d im en sio n a l a rc tan  
fun c tio n . N o te  th e  sp h e rica l co o rd in a te s  a re  d e p e n d e n t on  th e  lo ca l 
fram e, so th e  sam e v ec to r m a y  h av e  d iffe ren t sp h e rica l co o rd in a tes 
a t d iffe ren t p o sitio n s  o n  th e  su rface .
In  th is sec tio n  w e  p re se n t a  m a th e m a tic a l fo rm u la tio n  o f  th e  p ro b ­
lem  o f  rep re sen tin g  an d  co m p u tin g  su rface  rad ian ce . A d d itio n a lly  
w e  re c a ll  so m e  re le v a n t p ro p e rtie s  o f  B -sp lin es .
2 .1 T h e  E n v iro n m e n t
W e assu m e  th e  en v iro n m en t E  co n sists  o f  a  c o llec tio n  o f  su rfaces 
E =  { S i , , S p }  in  3 -sp ace , each  S i h av in g  a  reg u la r  p a ra m e tric  
re p re se n ta tio n  s i ( u ,  v ) , w h ere  th e  p a ra m e te r  d o m ain  is a  co n n ec ted  
su b se t o f  [0 ,1 ] X [0 ,1 ]. A t each  su rface  p o in t s ( u ,  v )  o f  so m e S  g E
2.1.1 Radiance
A  fu n d am en ta l ra d io m e tric  quan tity , r a d i a n c e ,  m ea su re s  ra d ia n t 
p o w er p e r  u n it p ro jec ted  a re a  p e r  u n it  so lid  an g le  (in  u n its  o f  
W /m 2 sr.) R a d ia n ce  d ep en d s o n  sp a tia l p o sitio n  an d  d irec tio n , and, 
in tu itive ly , can  be  th o u g h t o f  th e  ra d ia n t p o w er ca rr ie d  a lo n g  a  line.
F o llo w in g  [A rvo  1995], th e  rad ian ce  a t  th e  p o in t x  G  IR3  in  the  
d irec tio n  w is o ften  d en o ted  b y  L ( x ,  w ). I f  no th in g  b lo ck s th e  line 
se g m en t b e tw een  tw o p o in ts  x  an d  x ' ,  th en  th e  ra d ia n c e  leav in g  x  
in  th e  d irec tio n  o f  x '  — x  is th e  ra d ia n c e  co m in g  to x '  in  th e  o p p o site  
d irec tio n . T h a t is, ra d ia n c e  is co n s ta n t a lo n g  a  lin e  p ro v id ed  the re  
is no  p a rtic ip a tin g  (a tten u a tin g ) m ed iu m .
G en era l g rap h ics en v iro n m en ts co n s is t o f  a  co llec tio n  o f  su rfaces 
p e rh ap s  w ith  so m e p a r t i c i p a t i n g  m e d i a ,  su ch  as sm oke or fog , th a t 
a tten u a te  ra d ia n c e  in  th e  space  b e tw een  su rfaces . E a c h  p o in t on 
every  su rface  m a y  have an  a sso c ia ted  ra d ia n c e  ex itan ce , a lth o u g h  
co m p u tin g  th is o v era ll invo lves en e rg y  tran sfe r  b e tw een  su rfaces 
an d  is th e  p ro b le m  o f  g lo b a l illu m in a tio n . T h e  rad ian ce  ex iting  
fro m  e ach  su rface  is u se d  fo r th e  final ren d e rin g  o f  a  scene . A  ray  
tracer, fo r  exam p le , ren d e rs  b y  trac in g  ra y  f ro m  an  v an tag e  po in t, 
o r  th ro u g h  a  v ir tu a l ca m e ra  system , an d  th en  rep o rts  th e  ra d ia n c e  a t 
each  ray -su rfa c e  in te rsec tio n . S im ila rly , a  sc an -lin e  re n d e re r  m ig h t 
deco m p o se  th e  su rface  in to  m ic ro -fa c e t p o ly g o n s  an d  u se  th e  rad i­
an ce  valu e  in  th e  d irec tio n  o f  th e  ey e  p o in t fo r a  color.
In  g en era l, e ach  su rface  S  in  a  sc en e  E  has an  o u tg o in g  sp ec tra l 
ra d ia n c e  L s (u , v ,  9 , ft, A). T h is  su rface  ra d ia n c e  is a  fu n c tio n  bo th  
o f  su rface  p o s itio n  (u , v ) ,  d irec tio n  (9 , ft) in  th e  lo ca l fram e and  
w av e len g th  A . T h is  v a lu e  g ives th e  ra d ia n t sp e c tru m  a t re n d e r  tim e, 
w h en  th e  su rface  p o in t a t  ( u ,v )  is v iew ed  fro m  d irec tio n  (9 , ft). 
O u r g o a l is  to  a p p ro x im a te  L s  w ith  a  ten so r p ro d u c t B -sp lin e .
2.1.2 Radiance Integrals
In  m an y  cases  ra d ia n c e  in  a  scen e  E  can  b e  co m p u ted  b y  a  m e th o d  
b ased  o n  th e  g lo b a l o r h e m isp h e rica l in teg ra l fo rm u la tio n . E ach  
su rface  S  in  th e  en v iro n m en t has an  in trin s ic  em iss iv e  rad ian ce  
fu n c tio n  LSm lt(u , v , 9 , ft, A), an d  a  B i-d ire c tio n a l R e flec tan ce  D is ­
tr ib u tio n  F u n c tio n  (B R D F ) p s ( u ,  v ,  9 ,  f t ,  9 ln , f tln , A). E x c e p t fo r a  
few  lig h t so u rces in  th e  scen e  th e  em iss io n  is ze ro  in  m o s t cases. 
T h e  lig h t so u rces illu m in a te  th e  o th e r  su rfaces o f  th e  sc en e  by  d i­
re c t  en e rg y  transfer. S u b seq u e n tly  su rfaces b eco m e  in d ire c tly  il lu ­
m in a te d  b y  re flec tio n  f ro m  o th e r su rfaces n o t in itia lly  lig h t sources. 
T h e  to ta l am o u n t o f  o u tg o in g  ra d ia n c e  L s  is d e te rm in ed  by  in te ­
g ra tin g  th e  in co m in g  ra d ia n c e  L S  ag a in s t th e  B R D F  p  ov er th e  
h em isp h e re  an d  ad d  th e  re su lt  to  th e  e m itted  rad ian ce ,
L s (u , v , 9 , ft, A) =  LSmlt (u , v , 9 , ft, A)
f  LSn(u , v , 9 , ft, A )p (u , v , 9 , ft, 9 ln , f tln , A) c o s  9 ln dw  (6)
w h ere  dw  =  s in  9 lnd 9 lnd f t ln . N o te  th a t th e  o u tg o in g  sp e c tra l ra d i­
an ce  L s  (u , v , 9 , ft, A) is  a  fu n c tio n  o f  su rface  p o sitio n  (u , v ) , d ire c ­
tio n  (9 , ft) in  th e  lo ca l f ram e  an d  w av e len g th  A. T h is  va lu e  y ie ld s 
th e  ra d ia n t sp e c tru m  a t  re n d e r  tim e, w h en  th e  su rface  p o in t a t  (u , v ) 
is v iew ed  fro m  d irec tio n  (9 , f t). In  g en e ra l S  can  b e  illu m in a ted  by 
ra d ia n c e  fro m  a ll th e  o th e r su rfaces in  th e  sc en e  E  in c lu d in g  itself.
W h en  w e  w rite  d o w n  e q u a tio n  (6) fo r e ach  S  €  E  w e  o b ta in  
a  sy s tem  o f  co u p led  in teg ra l eq u a tio n s  w h ich  defines th e  g l o b a l  o r 
h e m i s p h e r i c a l  in teg ra l fo rm u la tio n  o f  L s . To so lv e  th is  sy s tem  o f  
in teg ra l eq u a tio n s is  to  so lve  th e  g lo b a l illu m in a tio n  p ro b lem . W e 
n eed  to  co m p u te  th e  final, o r  s te ad y -s ta te  su rface  ra d ia n c e  a fte r  r e ­
f lec ted  lig h t is  su ffic ien tly  a tten u a ted  by  reflec tio n . In  p u rsu it  o f  
th is g o a l w e  a p p ro x im a te  L s  w ith  a  ten so r p ro d u c t B -sp lin e .
To sta rt w e  firs t co n s id e r th e  case  w h ere  th e  scen e  co n s is ts  o f  
o n ly  tw o  o b jec ts  R  an d  E ,  an d  re fo rm u la te  th e  co n tr ib u tio n  to the  
rece iv in g  su rface  R  fro m  th e  em ittin g  su rface  E . S u p p o se  E  is 
p a ra m e te riz e d  by  e ( s , t ) ,  w ith  d erivatives an d  lo c a l f ram e  c o o rd i­
n a tes  as above, an d  th a t w e  h av e  an  o u tg o in g  em iss io n  fun c tio n  
L E (s ,  t ,  9 , ft, A). A  ch an g e  o f  v a riab les  can  be  ap p lied  to  th e  in te ­
g ra l o f  (6), to o b ta in  th e  su rface  in teg ra l
of the surface function e over
L r (u , v , 9 , ft, A)
f  . . , c o s  9 R  c o s  9 e  
+  J  v i s ( r ,  e ) ---------d^--------- L e ( s , t , 9 B , f tE , A)
I E  d2
p ( u ,  v , 9 , f t , 9 # ,  f tlln, A) d E ,
L R Lemlt |R + X e v is (r ,  e)
(e  -  r )  •z r  ( r  -  e ) - z e
L e p | | r s x  r t || d s d t (8)
w h ere  x e d en o tes  th e  ch a rac te ris tic  fu n c tio n  o f  th e  p a ra m e te r  d o ­
m a in  o f  e ( s ,  t ) :  x e (s , t )  is 1 i f  ( s ,  t )  is in  th e  p a ra m e te r  d o m ain  o f  
e ( s ,  t ) ,  an d  0 o th erw ise .
2.2 A  R e vie w  o f B -S p lin e  A p p ro xim a tio n
B -sp lin e  cu rves an d  su rfaces have  b een  w e ll e s tab lish ed  in  the  
g rap h ics co m m u n ity  sin ce  th ey  w ere  in tro d u c ed  b y  R iesen fe ld  as 
m o d e lin g  p rim itiv es  [R iesen fe ld  1973]. H ow ever, B -sp lin es w ere  
s tu d ied  by  S ch o en b erg  m an y  years  ea rlie r  as a  tech n iq u e  fo r a p ­
p ro x im a tin g  fu n c tio n s. O u ts id e  o f  g rap h ics th ey  hav e  fo u n d  a  so lid  
p la c e  in  n u m erica l an a ly s is  as a  p o w e rfu l a p p ro x im a tio n  tech n iq u e , 
an d  hav e  n u m ero u s ap p lica tio n s  to  in d u str ia l p ro b lem s.
F o rm a lly  w e  define  a  sp lin e -sp ace  S d ,T o f  sp lin es o f  d eg ree  d  
w ith  k n o ts  as
S d ,x  =  sp a n { B o , B n - l } , (9)
w h ere  B ^ x )  =  B i;d>l: (x )  is  th e  i th  B -sp lin e  o f  d eg ree  d  on  the  
kn o t v e c t o r  %  =  ( t 0 , . . .  , Tn + d) o f  n o n -d ec reas in g  rea l values. 
T hu s every  sp lin e  can  b e  w ritte n  as a  lin ea r  c o m b in a tio n  o f  B - 
sp lines. T h e  B -sp lin e  B i is a  n o n n eg a tiv e  p iecew ise  p o ly n o m ia l, 
is ze ro  o u ts id e  th e  in te rv a l [Ti ,T i+ d + 1 ] an d  Y h i  B i (x )  =  1 fo r a ll 
x  €  (Td ,T n ). M o reo v er B i has d  — m  co n tin u o u s derivatives 
a t a  k n o t x  =  Tj w h ich  o ccu rs  m - tim e s  am o n g  Ti , . . . ,  Ti+ d + 1 . 
I f  f  (x )  =  n -O  ®i B i;d ^  (x )  is  a  sp lin e  o f  d eg ree  d  an d  x  €  
[ t j  , t j +1] th en  f  (x )  is a  su m  o f  on ly  d  +  1 term s
f  (x )  =  fli B i ( x ) (10)
B e cau se  sp lin es a re  p iecew ise  p o ly n o m ia ls  th ey  a re  eas ily  d iffe r­
en tia ted  a n d  in teg ra ted  an d  th e re  a re  s ta b le  an d  effic ien t a lg o rith m s 
fo r co m p u tin g  w ith  them . W e w ill m a k e  u se  o f  th e  fo rm u la  fo r 
in teg ra tin g  a  sp lin e  o f  d eg ree  d  on
T n + d
a i B . i ,(x )  d x  =  i
Ti+ d + 1  Ti 
; d  +  1
(11)
2.2.1 B-Spline Approximation
To a p p ro x im a te  a  fu n c tio n  f  en ta ils  tw o  tasks. W e n eed  to ch o o se  
a  su itab le  sp line  space  S d , t  an d  th en  co m p u te  th e  B -sp lin e  coeffi­
cien ts  a i o f  a  sp lin e  g  €  S d^  so th a t g  =  ^ n - o1 a i B i is a  goo d  
a p p ro x im a tio n  to f . E x is tin g  m e th o d s  fo r co m p u tin g  sp lin e  ap p ro x ­
im atio n s can  b e  d iv id ed  in to  tw o  c lasses , lo ca l an d  g lo b a l m e th o d s. 
A  m e th o d  is lo ca l i f  th e  v a lu e  o f  th e  a p p ro x im a tio n  g ( x )  a t a  p o in t 
x  d ep en d s  o n ly  o n  v a lues o f  f  in  a  n e ig h b o rh o o d  o f  x  an d  g lo b a l 
o th erw ise . A  g lo b a l m e th o d  g en e ra lly  req u ire s  so lv ing  a  n - b y -n  
lin ear sy s tem  o f  eq u a tio n s  fo r th e  u n k n o w n  B -sp lin e  co effic ien ts . 
E x am p le s  o f  g lo b a l m e th o d s  a re  cu b ic  sp lin e  in te rp o la tio n  an d  lea s t 
squares. In  a  lo ca l m e th o d  th e  co effic ien ts a re  g iv en  exp lic itly . F or 
e x am p le  in  S c h o e n b e rg ’s v a ria tio n  d im in ish in g  sp lin e  ap p ro x im a­
tio n  m e th o d  th e  ith  B -sp lin e  co effic ien t is g iv en  b y  a i =  f  ( t | ) ,  
w ith  th e  ev a lu a tio n  n o d e  t* an  av e rag e  o f  co n tig u o u s k n o t va lues
(7) t*t i







n - 1 n - 1
w h ere  v is ( r ,  e ) =  1 if  th e  p o in t e ( s ,  t )  is  v is ib le  f ro m  r ( u ,  v ) and  
0 o th erw ise . T h e  su rface  in teg ra l can  b e  ex p ressed  d irec tly  in  te rm s
T h e  S ch o en b erg  m e th o d  b e lo n g s to a  c lass  o f  m e th o d s  k n o w n  as 
q u a s i - i n t e r p o l a n t s  ([L ee  e t al. 2 000]). W e o b ta in  an  e x am p le  o f  a
qu ad ra tic  q u a s i-in te rp o la n t by  ch o o sin g  th e  B -sp lin e  co effic ien t o f  
th e  i th  q u ad ra tic  B -sp lin e  B i>2 as
a  =  - 2 f  (Ti+ i )  +  2 f  ( t i )  -  2 f  (T i+ 2 )’
w h ere  i* =  ( r i + i  +  T i + 2 ) / 2. T h is  m e th o d  has ap p ro x im a tio n  o rd er 
O ( h 3), w h ile  th e  S ch o en b erg  m e th o d  is O ( h 2) fo r a ll d eg rees d. 
O n  th e  o th e r h an d  th e  w o rd s “V ariation  D im in ish in g ” a llu d es to 
th e  fac t th a t th e  S ch o en b erg  m e th o d  has d es ira b le  sh a p e  p rese rv in g  
p ro p e rtie s . F o r an  O ( h 4) cu b ic  q u a s i-in te rp o la n t see  [L ee  e t  al. 
2000].
(b) (c)
2.2.2 Tensor Product B-spline Functions
T h ere  a re  severa l n a tu ra l w ay s o f  g en e ra liz in g  u n iv aria te  B -sp lin e  
fu n c tio n s  to  m u ltiv a ria te  fu n c tio n s. S in ce  speed  is an  issu e  in  th is 
th e  p a p e r  ten so r p ro d u c t fo rm  o f  B -sp lin es is  a  n a tu ra l cho ice .
T ensor p ro d u c t sp lin e  fu n c tio n s a re  d efined  on  a  rec tan g u la r  
g rid  u sin g  a  k n o t v ec to r in  each  sp a ce  d im en sio n . In  th e  tw o ­
d im en sio n a l ca se  th e re  a re  tw o  k n o t v ec to rs  t x  an d  t y , tw o  d eg rees 
d x  an d  d y , an d  tw o  d im en sio n s  m  an d  n .  T h e  coeffic ien ts  a i j  can  
b e  s to red  in  a  m  x  n  m atrix , an d  th e  ten so r p ro d u c t sp lin e  fun c tio n  
is w ritte n  as th e  d o u b le  su m m atio n
m — 1 n — 1
f  ( x , y )  /  v , a i j  B j ; d y
i= 0  j  =  0
, (y ) B i;dx ,*x ( x ) . (13)
N o tice  th e  te rm s hav e  o n e  bas is  fu n c tio n  in  each  v ariab le , an d  a ll 
p ro d u c t p a irs  a re  rep re sen ted . A lso  n o tice  th e  d eg rees an d  k n o t 
v ec to rs  a re  in d e p e n d e n t in  e ach  d im en sio n , so, fo r ex am p le , the  
ten so r p ro d u c t o f  a  q u ad ra tic  h av ing  100 k n o ts  w ith  a  cu b ic  hav ing  
o n ly  4  is p e rfe c tly  valid .
H ig h e r-d im en s io n a l ten so r p ro d u c t B -sp lin e  fu n c tio n s fo llow  
naturally . T h e  co effic ien t m a tr ix  b eco m es a  g en e ra l tensor. A  k- 
d im en sio n a l ten so r p ro d u c t sp lin e  fu n c tio n  is th e  k - fo ld  sum
F ig u re  2: T e n s o r  p r o d u c t  k n o t s  a n d  k n o t  l i n e s .  ( a )  U n i f o r m  k n o t  
s p a c i n g .  ( b )  N o n u n i f o r m  s p a c i n g .  T h e  k n o t s  c a n  b e  c h o s e n  i n d e ­
p e n d e n t l y  i n  e a c h  d i m e n s i o n ,  b u t  n o t  a r b i t r a r i l y  o v e r  t h e  d o m a i n .  
( c )  T h e  d o m a i n  i s  i n h e r e n t l y  r e c t a n g u l a r .  I n  t h e  c a s e  o f  a  n o n -  
r e c t a n g u l a r  d o m a i n ,  t h e  k n o t s  a r e  c h o s e n  a r o u n d  t h e  d o m a i n  a s  
t i g h t l y  a s  p o s s i b l e ,  a n d  e v a l u a t i o n  p o i n t s  c a n  b e  m o v e d  i n s i d e  t h e  
d o m a i n .
o f  1D  an d  2D  B -sp lin es is av a ilab le  ( e . g . ,  in  h ard w are )  a  s im p le  r e ­
asso c ia tio n  o f  th e  ten so r p ro d u c t su m m atio n s show s ho w  3 D  and  
4D  sp lin es can  b e  q u ick ly  ev a lu a ted  usin g  w e ll k n o w n  un iv aria te  
sp line  a lgo rithm s:
^   ^a i j k  B k  B j  B i  — ^   ^ I ^   ^ a i j k B k B  j  I B i (17)
i j k  i  y jk  J
^   ^ a i j k l B l B k  B j  B i  — ^   ^ |  ^   ^a i j k l  B i B k )  B j  B i  (18) 
i j k l  i j  k l
an d  o f  c o u rse  h ig h e r-d im en s io n a l ex ten sio n s follow .
f ( x i , .  . . , X k )
n \  —  1 
i l  =0
E  1
i fc= o
'i fc B i k  ( x k  ) ' • B i 1 ( x i ).
(14)
w h ere  th e  coeffic ien ts  fo rm  a  k th o rd er tensor. N o tice  th e  k n o t v e c ­
to r an d  d eg ree  su b scrip ts  o n  th e  bas is  fu n c tio n s  hav e  b een  om itted  
fo r brev ity . In  g en e ra l w e  w ill u se  an  even  sim p le r  no ta tio n , w h ere  
th e  e x p lic it v a riab le  d e p en d en c e  an d  th e  su m m atio n  lim its  a re  o m it­
ted . F o r a  fo u r-d im en sio n a l ten so r p ro d u c t B -sp lin e , a  fu n c tio n  o f  
p a rtic u la r  in te re s t to th is  paper, w e  w ill w rite  sim p ly
 ^ a i j k l B l B k  B j  B i  
i j k l
(15)
2.2.3 Evaluation of Tensor Product B-Spline Functions
E v a lu a tin g  a  ten so r p ro d u c t sp lin e  is fa s t b ecau se  fo r a  sp lin e  o f  d e ­
g ree  d  on ly  d + 1  B -sp lin es a re  n o n ze ro  a t  any  value. F o r exam p le , a  
tw o -d im e n sio n a l cu b ic  sp lin e  has o n ly  fo u r n o n zero  bas is  fu n c tio n s 
in  each  variab le , an d  th e  su m m atio n  in  th is ca se  can  b e  w ritte n  as 
th e  m a tr ix  p ro d u c t
[ B i — 3  • • • B i  ]






a i j — 3  • • • a i , j B j
(16)
w h ere  I  an d  J  a re  d e te rm in ed  b y  th e  k n o t in te rv a ls  as in  (10). T h is 
m a tr ix  p ro d u c t is  am en ab le  to  h a rd w are  v ec to riza tio n .
H ig h e r-o rd e r  evalu a tio n s re q u ire  a  m o re  invo lved  fo rm u la tio n , 
b u t th e  id e a  is th e  sam e. I t  is  w o rth  n o tin g  th a t i f  fa s t co m p u ta tio n
3  B - s p l i n e s  for R a d i a n c e
T h is sec tio n  is c o n ce rn ed  w ith  th e  a p p ro x im a tio n  o f  th e  sp e c tra l ra ­
d ian ce  on  th e  su rface  assu m in g  th a t th e  a c tu a l va lu e  o f  L s  is  av a il­
ab le  a t  each  p o in t. A s L s ( u ,  v ,  9 ,  f t ,  A) is a  five-varia te  fun c tio n , a  
five-d im en sio n a l ten so r p ro d u c t B -sp lin e  is in d ica ted . W e n eed  to 
c o n s tru c t an  ap p ro p ria te  sp lin e  space  an d  ap p ro x im a tio n  m eth o d .
3.1 La m b e rtia n  S u rfa c e s
To d evelop  th e  B -sp lin e  ap p ro x im a tio n  tech n iq u e , w e  firs t a ssu m e 
th a t th e  su rface  is L am b ertian , th a t is, th e  o u tg o in g  ra d ia n c e  is in ­
d e p e n d e n t o f  th e  d irec tio n . I f  th e  w av e len g th  d e p en d en c e  is also  
ig n o red , th e  su rface  ex itan t ra d ia n c e  red u ces  to a  fu n c tio n  L (u ,  v ) 
o f  o n ly  tw o  variab les . To c o n s tru c t an  a p p ro x im a tio n  L ( u ,  v )  to 
L  invo lves ch o o sin g  th e  d eg rees an d  th e  k n o t v ec to rs  in  u  and  
v , an d  ap p ly in g  an  a p p ro x im a tio n  m e th o d  (S c h o en b erg  o r  q u a s i­
in te rp o la tio n ).
F o r k n o t vecto rs w e  can  fo r  ex am p le  u se  u n ifo rm  k n o ts  w ith  m u l­
tip le  k n o ts  a t e ach  end:
[a , a ,  a  +  h ,  a  +  2 h ,
d +  1
, b  —  h ,  b , . . .  , b]
d + 1
(19)
w h ere  d  is th e  deg ree , m  >  0 is th e  n u m b er o f  in te rn a l k no ts, 
h  — (b — a ) / ( m  +  1) an d  th e  d o m ain  o f  th e  p a ra m e te r  (u  o r  v ) 
is th e  c lo sed  in te rv a l [a, b]. N o rm a lly  th e  d o m ain  [a, b] is th e  u n it 
in te rv a l [0 ,1 ], b u t fo r p ra c tic a l rea so n s  th e  ra d ia n c e  fu n c tio n  m ig h t 




F ig u re  3: K n o t s  o n  t h e  h e m i s p h e r e ,  f o r  t h e  a n g u l a r  p a r a m e t e r s .  
( a )  T h e  s t a n d a r d  0 , 0  s p h e r i c a l  p a r a m e t e r i z a t i o n  r e s u l t s  i n  p o o r  
k n o t  s p a c i n g .  ( b )  O u r  t r i m m e d  s q u a r e - t o - s p h e r e  m a p p i n g  i s  m u c h  
m o r e  u n i f o r m .  ( c )  N o n u n i f o r m  k n o t  s p a c i n g  c a n  b e  u s e d  w i t h  o u r  
m a p p i n g ,  t o  b e t t e r  a p p r o x i m a t e  a  h i g h l i g h t ,  f o r  e x a m p l e .
[e, 1 — e] fo r so m e sm a ll e , th is  h av ing  th e  e ffe c t o f  pu llin g  e v a lu a ­
tio n  p o in ts  aw ay  fro m  th e  edges . T ech n ica lly  th is m ak es  p a ram e te r  
v a lues less th an  e  o r g rea te r  th an  1 — e  o u ts id e  th e  d o m ain  o f  B - 
sp lin e  fu n c tio n , b u t in  p rac tice  th is cau ses little  d ifficu lty  d u e  to  the  
co n tin u o u s d e p en d en c e  o f  a  sp lin e  as a  fu n c tio n  o f  its kno ts .
T h e  k n o t v ec to rs  n eed  n o t b e  u n ifo rm . I f  th e re  is e x tra  d e ta il 
in  o n  o n e  p a r t o f  th e  surface , fo r exam p le , th e  k n o ts  can  b e  c lu s ­
te red  there . H ow ever, sin ce  w e  a re  u sin g  ten so r p ro d u c ts  k n o t lines 
e x ten d  th ro u g h  th e  en tire  dom ain .
3.2 V ie w -D e p e n d e n t R a d ia nce
T h e  sp h e rica l c o o rd in a te  p a ra m e te riz a tio n  fo r  th e  h em isp h e re  g iven 
by  (0 , 0 )  abo v e  is a  can d id a te  fo r th e  sp lin e  p aram e te rs , as th e  d o ­
m a in  is rec tan g u la r: 0 <  0  <  n / 2 ,  —n  <  0  <  n .  H ow ever, th e re  
a re  tw o  d ifficu lties. F irs t, w e  n eed  p e rio d ic ity  in  th e  0 -v a riab le . 
T h is  c a n  b e  h an d led  b y  a  s im p le  p e rio d ic  ex ten s io n  o f  th e  c o rre ­
spo n d in g  k n o t v ec to r  so th a t th e  re su ltin g  sp line  fu n c tio n  b eco m es 
p e rio d ic  in  0 .
T h e  m o re  se rio u s difficulty , how ever, is  th a t th e  s ta n d ard  sp h e r­
ica l p a ram e te riz a tio n  is h ig h ly  non u n ifo rm : k n o t va lu es in  0  g e t 
p in c h e d  to g e th e r n ea r th e  po le . S ee  F ig u re  3.
To so lve  th is  p ro b le m  w e  u se  a  d iffe ren t se t o f  lo ca l p a ram e te rs  
fo r th e  sp lin e  ap p ro x im a tio n . F o r an y  p o in t in  th e  ta n g e n t p lan e  a t 
a  su rface  p o in t s ( u ,  v )  o n  a  su rface  S  w e  le t ( a ,  0 )  be  th e  c o o rd i­
n a tes  o f  th a t p o in t w ith  re sp e c t to th e  c o o rd in a te  sy s tem  d efin ed  by 
( x s , y s ) g iv en  b y  (1 ),(3 ).
W h a t is n eed ed  th en  is a  sm oo th , low  d isto rtio n  m ap p in g  o f  th e  
u n it  sq u a re  to th e  u n it  h em isp h e re . S u ch  m ap p in g s  do  ex ist, b u t w e 
also  n eed  so m e th in g  fa s t to ev a lu a te  b ecau se  th e  in v erse  m ap p in g , 
m u s t be  co m p u ted  a t  every  ra d ia n c e  ev a lu a tio n  a t  re n d e r  tim e . In ­
stead  w e  u se  a  m ap p in g  f ro m  th e  u n it d isc  to th e  u n it  hem isp h e re , 
an d  ap p ly  th e  tr ic k  o f  p u sh in g  ev a lu a tio n  nod es in sid e  th e  d isc  th a t 
w e  u se  fo r tr im m in g  cu rves.
I f  r  =  y 1 a 2 +  0 2, th en  th e  re c ta n g u la r  co o rd in a tes (in  th e  lo ca l 
f ram e) o f  th e  co rre sp o n d in g  p o in t on  th e  h em isp h e re  a re  g iv en  by
z = 21 — r (20)
x  =




y  = 0 . (22)
H ere  a  p o in t ( a ,  0 )  in  th e  u n it d isc  is lifted  to th e  p a rab o lo id  
z  =  1 — r 2 an d  th en  m o v ed  o u t h o rizo n ta lly  to  th e  h em isp h e re . N o ­
tice  th e  m ap p in g  is u n d efin ed  o u ts id e  th e  u n it d isc . To avo id  th is, 
w e  “p u ll  in ” n o d e  valu es o u ts id e  th e  d isc : i f  r  >  R  th en  a  an d  0  are  
sca led  b y  R / r .  T hu s every  p o in t in  th e  p la n e  o u ts id e  th e  u n it  d isc
is m o v ed  rad ia lly  to th e  d isc  o f  rad iu s  R . N o rm a lly  R  w o u ld  b e  se t 
to 1, b u t rad ian ces  a re  p ro p e rly  zero  (o th erw ise  u n d efin ed ) a t  n o r­
m a l an g le  n / 2 ,  an d  th is co u ld  cau se  u n w an ted  d ark en in g  a t  g raz ing  
an g les— th e  o p p o site  o f  th e  F re sn e l e ffe c t ex h ib ited  b y  m a n y  re fle c ­
tive m ate ria ls . I f  th e  m a x im u m  n o rm a l an g le  0  is to be  n / 2  — 5, 
th en  R  «  V 1  — 5. W e d en o te  b y  0  =  0 ( a ,  0 )  an d  0  =  0 ( a ,  0 )  the  
lo ca l sp h e rica l co o rd in a te s  o f  th e  p o in t (x , y , z )  g iv en  b y  (2 0 )-(22 ).
3.3 A p p ro xim a tio n
G iven  th e  m ap p in g s  0 ( a ,  0 )  an d  0 ( a ,  0 )  in  th e  p rev io u s su b se c ­
tio n  w e  can  a p p ro x im a te  th e  ra d ia n c e  L ( u ,  v , 0 , 0 ,  A) fo r a  g iven  
su rface  by  a  5 -d im e n sio n a l ten so r p ro d u c t sp lin e  in  th e  v ariab les
(u , v , a ,  0 ,  A) . T hus
L ( u ,  v , 0 ( a ,  0 ) ,  0 ( a ,  0 ) ,A )  ~  L ( u ,  v , a ,  0 ,  A),
w here
L ( u ,  v , a ,  0 ,  A) =  £  a i j k l m B m B i B k  B j  B i .  (23)
i , j , k , l , m
F o r th e  v a riab les  u  an d  v  w e  u se  th e  k n o t v ec to r g iven  b y  (19), 
w h ile  fo r a  an d  0  w e  use
[—R , . . .  , — R , —R  +  h ,  —R  +  2 h , . . . , R  — h ,  R , . . .  , R ] , (24)
d + 1 d+1
w h ere  h  =  2 R / ( m  +  1). F inally , fo r  th e  w av e len g th  p a ra m e te r  A 
w e  can  u se  a  u n ifo rm  k n o t vector, say  fro m  4 0 0 n m  to  800nm .
T h e  coeffic ien ts  a re  co m p u ted  f ro m  th e  S ch o en b erg  m e th o d , the  
su rface  ra d ia n c e  eva lu a ted  a t  th e  S ch o en b erg  n o d e  values
a i j k i m  =  L (u * ,v *  , 0 ( a k , 0 f ) , 0 ( a k , 0 f ) , A m )  (25)
W e n o te  th a t th ey  co u ld  also  be  co n s tru c ted  usin g  a  q u a s i­
in te rp o la tio n  m eth o d .
3.3.1 Wavelength Dependence
F o r m an y  ren d e rin g  ap p lica tio n s, in c lu d in g  o u r renderer, 
w a v e len g th -d ep en d en t ra d ia n c e  is re p re se n te d  usin g  a  t r i­
ch ro m atic  rep re se n ta tio n  w ith  th ree  rea l va lues. T h is  can  b e  do n e  
w ith  a  5 D  B -sp lin e  func tio n , w h ere  th e  d eg ree  in  A is 0, and  
th e re  a re  4  k n o t va lues . I t is p ro b ab ly  faster, though , to u se  a  
tr i-co lo r  v a lu e  (R G B ) fo r each  B -sp lin e  coeffic ien t, an d  re d u c e  to 
a  4 D  ten so r p ro d u c t fu n c tio n . In  th e  re m a in d e r o f  th is p ap e r w e 
freq u e n tly  o m it th e  w av e len g th  d e p en d en c e  an d  u se  4 -d im e n sio n a l 
sp lines fo r su rface  rad ian ce .
4  G l o b a l  Illumination
N o w  w e co n s id e r  so lv ing  th e  g lo b a l (h em isp h e rica l)  in teg ra l e q u a ­
tio n  in  th e  fo rm  (8). T h is  is a  co u p led  sy s tem  o f  in teg ra l eq u a tio n s , 
on e  eq u a tio n  fo r each  su rface  in  th e  scene . W e tu rn  to th e  ev a lu a­
tio n  o f  th e  in teg ra ls  in  te rm s o f  ten so r p ro d u c t B -sp lin es . S in ce  the  
in teg ran d s c a n  b e  eva lu a ted  q u ick ly  a t  an y  sam p le  p o in t th e  (h em i­
sp h e rica l) in teg ra l can  b e  ev a lu a ted  usin g  sta n d ard  m e th o d s. T he 
im p e tu s fo r sto ring  th e  in c rem en ta l ra d ian ces  is to fac ilita te  th is 
c o m p u ta tio n .
C o n s id e r  first th e  h e m isp h e ric a l in teg ra l fo rm u la tio n . F or the  
ra d ia n c e  ap p ro x im a tio n , th e  B -sp lin e  co e ff ic ie n t is  co m p u ted  fro m
Lemit / * * n  * \
R  ( u i , v j  , 0 k l , 0 k l)
+  [ L R (u*, v j, 0kl, 0 k l ) p (u i ,  v j j ,  0kl, 0 k l  0 in, 0 in) c o s  0 indw  (26) 
J n
w h ere  th e  * variab les in d ica te  th e  ev a lu a tio n  n o d es ( 9 *  an d  f t k  are  
fu n c tio n s  o f  a *  an d  3 * ) . F o r s im p lic ity  w e  sha ll u se  9  an d  ft in 
th is section , a n d  n o te  in  p rac tice  th ey  a re  fu n c tio n s  o f  th e  sp lin e  
p a ram e te rs  a  an d  3 . T h e  in co m in g  ra d ia n c e  L ln is evaluated , in  
o u r im p lem en ta tio n , u sin g  th e  sam e ray -trac in g  m e th o d  d escrib ed  
a b o v e  fo r re n d e rin g . G iv en  th is, a n d  th e  B R D F  p , th e  in teg ra l can  
b e  eva lu a ted  usin g  an y  sta n d ard  n u m erica l m e th o d  th a t uses p o in t 
sam p lin g . F o r ex am p le , th e  in teg ra l can  b e  co m p u ted  usin g  an  im ­
p o rta n c e  sam p lin g  m e th o d  b ased  o n  th e  valu es o f  th e  B R D F.
O u r ap p ro ach  to  ev a lu a tin g  th e  ra d ia n c e  in teg ra ls  is  to  p e rfo rm  a  
B -sp lin e  a p p ro x im a tio n  to th e  in teg ran d , a n d  ev a lu a te  th is  exactly  
u sin g  ex is tin g  tech n iq u es . T h e  in teg ran d  fo r th e  h e m isp h e rica l in ­
teg ra l is s ix -varia te , o r  sev en -v a ria te  if  th e  w av e len g th  is inc lu d ed . 
T h e  ap p ro x im a tio n  th e re fo re  has th e  fo rm
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/*2n /• n /2
E _c / * * /i* i * /iln* i ln* \ f  ( u i , v j  , 9 fci, f tfci, 9p , f tq )
1/0 ‘/O ijfcipq
B q B p B ;B fc B j B i  d 9 ln d f t ln (30)
w h ere  th e  B -sp lin e  coeffic ien ts  a i j klpq a re  th e  in teg ran d , evaluated  
a t  n o d e  valu es u * , v* , 9* ; , f t ^ ,  9pn*, an d  ftqn*. T h e  c h o ice  o f  the  
firs t fo u r is d e p e n d e n t o n  th e  k n o t v ec to rs  fo r th  B -sp lin e  rad ian ce  
re p re se n ta tio n  o n  R  an d  is th e re fo re  fixed, b u t th e  la tte r  tw o  co m e  
fro m  k n o t v ec to rs  th a t can  b e  a rb itra r ily  ch o sen , an d  co u ld  even  be  
d iffe ren t fo r each  in teg ra l evalu a tio n . B u t g iv en  th e  k n o t v ec to rs  a  
an d  t  fo r 9 ln an d  f tln, respec tive ly , th e  B -sp lin e  a p p ro x im a tio n  to 
th e  in teg ra l can  b e  eva lu a ted  ex ac tly  as
/*2n /* n /2
o o
^   ^a ijkipq 
ijkipq
y \  a ijfc ip q B q B p B iB fc B jB i d 9 l n d f t ln
jklpq
Tq+ d^ in + 1 — Tq a p+d„in +  1 — a p
(31)
dflin +  1
B iB fc B j B i  (32)
fro m  w h ich  th e  B -sp lin e  co effic ien ts fo r L R m ay  b e  taken.
T h e  su rface  in teg ra l fo rm u la tio n  can  be  a p p ro x im a ted  in  th e  
sam e w ay.
f  (  Xe v i s ( r , e ) ( e — e) ZE L e  p | | r s x  r t || d s d t  (33)
f ( u ,  v , 9 , ft, s ,  t )  d s d t (34)
] T (  ] T f  (u* v j* ,9 ^ i,f t^ i ,s ^ ,t j )  Tq+ d t+ 1 Tq a p + ds+ 1 a p
ijk i \  pq d t  +  1 d s +  1
B iB fc B j B i (35)
an d  th u s g ives th e  e x p lic it fo rm u la  fo r th e  B -sp lin e  coeffic ien ts  fo r 
th e  o u tg o in g  ra d ia n c e  L R re flec te d  o ff  o f  R  f ro m  E .  T h e  to ta l 
ac tu a l o u tg o in g  ra d ia n c e  B -sp lin e  o n  R  is th e  su m  o f  th ese  coeffi­
cien ts , fro m  a ll o th er su rfaces, in c lu d in g  R  itse lf  i f  i t  is  non-convex .
4 .1 G e n e ra lize d  Fo rm  Fa c to rs
A lth o u g h  th is la s t eq u a tio n  g ives a  d irec t fo rm u la  fo r each  B -sp lin e  
co effic ien t fo r th e  ex itan t ra d ia n c e  re flec te d  o f f  R  f ro m  E ,  i t  is in
te rm s o f  th e  in teg ran d  ev a lu a ted  a t n o d e  p o in ts . I t  w o u ld  be  m o re  
natu ra l, an d  c lo se r  to  th e  c la ss ica l ra d io s ity  m eth o d , to have  the  
co effic ien ts in  te rm s o f  th e  o u tg o in g  ra d ia n c e  on  E  d irectly . T h eo ­
re tica lly  th is is n o t d ifficu lt.
S u p p o se  th a t th e  k n o t v ecto rs u se d  fo r re p re se n ta tio n  as w e ll as 
in teg ra tio n  a re  th e  sam e, an d  fixed  fo r th e  en tire  e n v iro n m en t a t  the  
ou tse t. T h en  th e  te rm s in  th e  in teg ran d , ex cep t fo r L E a re  a ll c o n ­
stant. F u rth e rm o re , fo r a  g iv en  sa m p le  p o in t o f  L E , th e  B -sp lin e  
b asis  fu n c tio n s a re  con stan t, an d  th u s th e  sa m p le d  v a lues o f  L E  
a re  lin ear fu n c tio n s  o f  th e  coeffic ien ts  o f  th e  co effic ien ts . C o n s e ­
quen tly , th e  coeffic ien ts  fo r  L R a re  a ll lin ear fu n c tio n s o f  th e  c o e f ­
fic ien ts o f  L e  . In  o th e r  w ords, th e  ten so r o f  co effic ien ts T R  fo r the  
re flec te d  ra d ia n c e  f ro m  E  o ff  o f  R  is a  lin ea r  fu n c tio n  o f  th e  ten so r 
T E  o f  e x ita n t ra d ia n c e  f ro m  E .  W ritin g  th is fu n c tio n  as
T r  =  F r e  (T e  ) 
th e  to ta l g a th ered  ra d ia n c e  ten so r beco m es
T r  =  ^  F r s  ( T s )
(36)
(37)
an d  th is  is  d irec tly  an a lo g o u s to th e  c la s s ic a l ra d io s ity  m eth o d .
4.2 G a th e rin g
T h e  so lu tio n  p ro cess  co rre sp o n d s to a  g a th erin g  ap p ro ach  sim ilar 
to th a t u se d  in  c la ss ica l rad iosity . F ig u re  4  show s th e  d a ta  s tru c ­
tu res. A  B s p l i n e 4 D  o b jec t co n ta in s th e  k n o t v ec to rs  as w ell as the  
ten so r o r  co effic ien ts , an d  a  s u r f a c e ,  r a d i a n c e  o b je c t stores 
th ree  B s p l i n e 4 D  o b jec ts: o n e  fo r th e  cu m u la tiv e  g a th e red  r a d i­
ance , o n e  fo r  an  in c rem en ta l rad ian ce  f ro m  th e  m o s t  re c e n t gather, 
an d  o n e  tem p o ra ry  v a lu e  fo r th e  g a th e red  rad ian ce . A lg o rith m  1 
o u tlin es th e  m eth o d .
Algorithm 1 G ath e rin g  A lg o rith m
// Direct Lighting Phase 
for each surface S  do
S.L — 0
for each emitting surface E  do
gather from E  to S, store the radiance in S.L 
end for
add the gathered radiance to the cumulative radiance: S.Le — S.L 
end for
// Indirect Lighting Phase 
while each .L is too large do 
for each surface S  do
gather globally from the scene to S.Ltmp
// the emission is taken from the .L functions on other surfaces
end for
for each surface S  do
add the gathered radiance S.Ltmp to S.Le 
replace the incremental radiance S.L with S.Ltmp 
end for 
end while
// Final Gather Phase 
for each surface S  do 
refine S.L as necessary 
gather globally from the scene to S.L
// the emission is taken from the .Le functions on other surfaces
end for
T h e  firs t ite ra tio n  is th e  “d irec t l ig h tin g ” stage, w h ere  surfaces 
a re  o n ly  illu m in a ted  b y  em iss iv e  su rfaces, i . e , l ig h t so u rces . F or 
th is w e  u se  th e  su rface  in teg ra l fo rm u la tio n  b ecau se  it  is far m o re  
effic ien t, as o n ly  a  re la tiv e ly  sm a ll so lid  an g le  o n  th e  h em isp h e re  is 




s t r u c t  B sp line4D  { 
ra d ia n c e _ te n so r4 D  C // B-spline coefficients
r e a l  knots[4][] // knot vectors
i n t  degree[4] / / B-splinedegrees
}
s t r u c t  s u r f a c e _ ra d ia n c e  {
B spline4D  Le // cumulative exitant radiance 
B sp line4D  L // incremental exitantradiance
B spline4D  Ltmp // temporary exitant radiance
}
F ig u re  4: D a t a  s t r u c t u r e s  f o r  t e n s o r  p r o d u c t  B - s p l i n e s  a n d  s u r f a c e  
r a d i a n c e s .
A fte r  th e  d ire c t lig h tin g  co m p u ta tio n , th e  L  field  fo r  each  su r­
face  co n ta in s th e  ra d ia n c e  d u e  to  d ire c t illu m in a tio n . F ro m  th ese  
w e  g a th e r to  each  su rface , u sin g  th e  h e m isp h e ric a l in teg ra l, fro m  
th e  en tire  env iro n m en t, p lac in g  th e  re su lt  in  th e  L tm p  field . T h is 
ra d ia n c e  is th e  in d ire c t lig h tin g  cau sed  by  a  s ing le  reflec tio n . W e 
ad d  th is  to  th e  cu m u la tiv e  ra d ia n c e  L e, an d  sto re  th is  in to  th e  ra d i­
a n ce  L  field  an d  rep ea t. N o tice  th a t th e  L  fields co n ta in  th e  in d ire c t 
lig h tin g  a fte r  ex ac tly  n  re flec tio n s , w h ile  th e  cu m u la tiv e  rad ian ce  
L e  is n o t u se d  fo r any  o f  th e  in d ire c t lig h tin g .
I t  m ig h t seem  m o re  n a tu ra l to g a th e r fro m  th e  cu m u la tiv e  ra d i­
an ce  L e  a n d  in d eed  th is w o u ld  re q u ire  o n ly  tw o  B -sp lin e  fu n c tio n s 
fo r each  su rface  fo r th e  g lo b a l illu m in a tio n  co m p u ta tio n . O n e  r e a ­
son  fo r th e  e x tra  tem p o ra ry  ra d ia n c e  is th a t w e  can  u su a lly  g e t  aw ay  
w ith  a  m u c h  co a rse r  a p p ro x im a tio n  to  th e  su rface  rad ian ces  during  
th e  g lo b a l illu m in a tio n  com p u ta tio n .
T h e  final g a th er is so m e th in g  lik e  a  ra d io s ity  reco n stru c tio n . A  
finer a p p ro x im a tio n  is u su a lly  req u ired , an d  th e  in teg ra l evalu a tio n s 
m a y  n eed  to be  d o n e  w ith  m o re  k n o ts . T h e  g a th erin g  can  b e  do n e  
u sin g  th e  su rface  in teg ra l fo r b rig h tly  em ittin g  o b jec ts  (like  th e  o r ig ­
in a l l ig h t sou rces) an d  th e  h em isp h e rica l in teg ra l can  b e  u se d  fo r the  
re s t— su rfaces fro m  w h ich  th e  su rface -to -su rface  valu e  is u se d  are  
trea ted  as n o n -em iss iv e  b y  th e  h e m isp h e rica l in teg ra l.
4 .3  Tran sm iss io n
T h e  in teg ra ls  in  6 an d  7 g o v ern  th e  re flec te d  tran sp o rt, i f  a  su rface  
also  h as a  b i-d irec tio n a l tran sm iss io n  d istr ib u tio n  fu n c tio n  (B T D F ). 
To h an d le  tran sm iss io n , th e  ra d ia n c e  fu n c tio n  m u s t b e  ex ten d ed  to 
d irec tio n s  b elow  th e  lo c a l su rface  ta n g e n t p lan e , i . e . ,  h av ing  n o rm a l 
an g le  9  >  n / 2 .  W e do  th is b y  ad d in g  a  seco n d  ra d ia n c e  fun c tio n  
L ' r  fo r th e  tran sm itted  rad ian ce .
5  I m p l e m e n t a t i o n
W e have im p lem en ted  th e  4D  B -sp lin e  te ch n iq u es  p re sen ted  here  
in  th e  co n tex t o f  a  s ta n d ard  ra y  trace r  fo r  b o th  ren d e rin g  an d  g lo b a l 
illu m in a tio n  co m p u ta tio n . O u r sc enes co n s is t o f  trian g le s, p a ra l­
le lo g ram s, B e z ie r  p a tch es , an d  tr im m ed  N U R B S  su rfaces. F o r the  
g lo b a l illu m in a tio n  co m p u ta tio n , ra y  trac in g  is req u ired  fo r ev a lu ­
atin g  th e  v isib ility  fu n c tio n  in  th e  su rface  in teg ra l fo rm u la tio n , and  
fo r evalu a tin g  th e  L ln v a lu e  in  th e  h e m isp h e rica l in teg ra l. T h e re ­
fo re  o u r ra y  trace r  m u s t b e  ab le  to  co m p u te  ra y  in te rsec tio n s  w ith  
th ese  su rfaces an d  th e  co rre sp o n d in g  p a ra m e te r  v a lues as w e ll as 
su rface  derivatives to co m p u te  th e  lo ca l fram e.
R eg ard less o f  how  a  su rface  ra d ia n c e  B -sp lin e  is  co m p u ted  (or 
cap tu red ) i t  can  b e  trea ted  as a  g en e ra l su rface  shader. T h e  shader, 
show n  in  p se u d o -c o d e  in  F ig u re  6, is d e p e n d e n t o n  v iew  d irec tio n  
an d  su rface  p o sitio n . V irtu a lly  an y  ren d e rin g  sy s tem  th a t can  re n ­
d er th e  sc en e  su rfaces can  re n d e r  th e  scene  usin g  th e  B -sp lin e  r a ­
d ian ces . W e in co rp o ra ted  th e  B -sp lin e  sh ad er in to  G L -b ased  ren -
derer. O p en G L  do es n o t cu rre n tly  su p p o rt h a rd w are  B -sp lin e  fu n c ­
tio n  ev aluation , n o r d o es it  su p p o rt su rface  tex tu rin g  fro m  an  a rb i­
tra ry  fu n c tio n , so w e  d iv ide  e ach  su rface  in to  m ic ro -fa c e te d  p o ly ­
go n s an d  re n d e r  each  usin g  sm o o th  sh ad in g . T h e  v ertex  co lo rs are  
co m p u ted  fro m  o u r B -sp lin e  su rface  func tio n , w ith  th e  ey e  p o in t 
co rre sp o n d in g  to th e  c en te r  o f  p ro jec tio n . F ig u re  7 show s a  sim p le  
scene  so ren d ered .
5 .1 R e p re s e n ta tio n  Iss u e s
B -sp lin e  ap p ro x im a tio n  fu n c tio n s  a re  k n o w n  to converge , so i t  is 
c lea r  th a t th e  m e th o d s  p re sen ted  in  th is  p a p e r w ill w o rk — p ro v id ed  
en o u g h  k n o ts  a re  ch o sen . B u t a  m e m o ry  ex p lo s io n  co u ld  eas ily  
re su lt. F o r exam p le , i f  a  m o d e s t 100 coeffic ien ts  a re  re q u ire d  in 
each  d im en sio n , th en  o n e  h u n d red  m illio n  co n tro l p o in ts  w o u ld  be 
req u ired , p u sh in g  th e  lim its  o f  a  m o d ern  w o rk sta tio n . A  m u lti­
re so lu tio n  ap p ro ach  co u ld  ce rta in ly  c u t  do w n  o n  th e  n u m b er o f  c o ­
effic ien ts b u t w e  a re  in v estig a tin g  th e  ten so r p ro d u c t ap p ro ach  as 
an  in te rac tiv e  tech n iq u e . W e a re  in te rested , the re fo re , in  finding 
go o d  rep re sen ta tio n s  o f  su rface  ra d ian ces  b y  ex p lo itin g  th e  in trin ­
sic  p ro p e rtie s  o f  B -sp lin e  fu n c tio n s. O u r go a ls  e m p h as ize  v isua l 
rea lism  m o re  th an  n u m eric  accuracy.
T h e  p r im a ry  d raw b ack  o f  ten so r p ro d u c t B -sp lin es  is th e ir  in ­
ab ility  to  re p re se n t h ig h  f req u e n cy  deta il. In  g rap h ics, th ese  occu r 
a lo n g  shadow  ed g es , a t p o in ts  o f  co n ta c t b e tw een  su rfaces, an d  in 
n ea r-m irro r  re flec tio n s . O n ly  in  th e  la tte r  s itu a tio n  do es th e  B -sp lin e  
a p p ro ach  m e th o d  tru ly  b re a k  dow n; ten so r p ro d u c t B -sp lin es tend  
w o rk  w e ll fo r g lo ssy  an d  m o d e ra te ly  sp e cu la r su rfaces. P ro b lem s 
w ith  sh ad o w  d isc o n tin u itie s  an d  p o in ts  o f  c o n ta c t can  b e  largely  
h an d led  b y  re -m esh in g  th e  su rfaces as n ecessary . F ig u re  8 show s 
an  e x am p le  o f  th is.
T h e  ra d ia n c e  fro m  a  p u re ly  d iffu se  su rface  is  v iew  in d ep en d en t 
an d  co u ld  th e re fo re  b e  rep re sen ted  by  a  2D  sp line . W e p ro p o se  a  
s im p le  d eco m p o s itio n
L ( u ,  v ,  9 ,  ft) — D ( u ,  v ) F ( 9 ,  f t )  +  S ( u ,  v ,  9 ,  f t ) .  (38)
H ere  D  is a  d iffu se  co m p o n en t ( i . e ,  ir rad ian ce ) an d  is sca led  by  a  d i­
re c tio n a l d e p e n d e n t te rm  F  th a t cap tu res, fo r ex am p le , th e  F re sn e l 
b eh av io r o f  in c reasin g  sp e cu la rity  a t g raz in g  an g les . A  low  sp e c ­
u la r su rface  w ith  m u c h  su rface  d e ta il w ill b en efit g rea tly  fro m  th is 
d eco m p o sitio n .
In  g en e ra l w e  u se  q u ad ra tic  (deg ree  2) sp lin es in  a ll fo u r v a ri­
ab les p rim a rily  b ecau se  q u ad ra tic  sp lin es ten d  to re p re se n t th e  g en ­
era l sh a p e  o f  th e  a p p ro x im a ted  fu n c tio n  b e tte r  th an  h ig h e r-o rd e r  
sp lines, an d  th ey  a re  fa ste r to evaluate . T h eo re tica lly  th e  second- 
o rd er d isc o n tin u itie s  th a t e x is t in  q u ad ra tic  sp lin es m ig h t b e  n o tic e ­
ab le , b u t w e  have  n o t fo u n d  th is to b e  a  p ro b lem . In  so m e cases it  
ap p ears  th a t u sin g  cu b ic  sp lin es in  th e  sp a tia l d im en sio n s im proves 
th e  ap p ea ran ce  a lo n g  shadow  d isc o n tin u ities .
W e hav e  fo u n d  th a t u sin g  16 co effic ien ts in  e ach  o f  th e  fo u r d i­
m en s io n s  is su ffic ien t to re p re se n t ra d ia n c e  fo r a  ty p ica l su rface  
p a tc h — n o te  th is am o u n ts  to as m an y  coeffic ien ts  as th e re  a re  p ixels 
in  a  256  x  256  tex tu re  m ap  im age. G lo ssy  su rfaces w ith  a  sm a ll 
d iffu se  co m p o n en t ten d  to  re q u ire  few er sp a tia l k n o ts  an d  m o re  a n ­
gu la r  k n o ts , w h ile  d iffu se  su rfaces re q u ire  m o re  sp a tia l k n o ts . T he 
nu m b er o f  sp a tia l k n o ts  re q u ire d  also  d ep en d s on  th e  p h y sic a l o r a p ­
p a re n t size  o f  th e  su rface  p a tch . A  m ic ro -face t, fo r  ex am p le , m ig h t 
n eed  o n ly  o n e  sp a tia l co effic ien t. S u rface  th a t ex h ib it n ea r  m irro r  
reflec tio n , how ever, can  re q u ire  m a n y  k n o ts  in  b o th  d irec tio n s.
5.2 Pe rfo rm a nce
T h e  m o s t im p o rta n t p e rfo rm a n c e  co n s id e ra tio n  is th e  ev a lu a tio n  o f  
th e  4D  ten so r p ro d u c t B -sp lin e  fu n c tio n s. O u r ev a lu a tio n  is do n e  
in  so ftw are . F ig u re  5 show s a  g rap h  o f  so m e  b en ch m ark s  ru n  on  a  
(s ing le) M IP S  R 1 2 K  40 0  M H z processo r. T h e  g en e ra l u p w ard  tren d
4D B-Spline Evaluation Time
F ig u re  5: B e n c h m a r k s  f o r  4 D  t e n s o r  p r o d u c t  B - s p l i n e  e v a l u a t i o n  
( M I P S  R 1 2 K ,  4 0 0 M H z ,  s i n g l e  C P U ) .  T h e  t o t a l  c o m p u t a t i o n  t i m e  
p e r  e v a l u a t i o n ,  i n c l u d i n g  t h e  h e m i s p h e r i c a l  m a p p i n g ,  i s  s h o w n  
( t h i c k  l i n e s ) ,  a l o n g  w i t h  t h e  t i m e  o f  c o m p u t i n g  t h e  B - s p l i n e  b a ­
s i s  f u n c t i o n s  ( t h i n  l i n e s ) .  T h r e e  d i f f e r e n t  d e g r e e  c o m b i n a t i o n s  a r e  
s h o w n ,  w i t h  d e g r e e  i n  u  a n d  v  f i r s t .  T h e  h o r i z o n t a l  l a b e l s  i n d i c a t e  
t h e  n u m b e r  o f  k n o t s  i n  e a c h  p a r a m e t e r .
o f  ev a lu a tio n  tim e  w ith  la rg er d im en sio n  is p rim a rily  d u e  to d e g ra d ­
ing  cac h e  co h e ren ce . Q u ad ra tic  4D  sp lin es o f  m o d e s t d im en sio n s 
can  g en e ra lly  be  ev a lu a ted  a t ra te s  o f  b e tte r  th an  200K .
In  o u r ra y  tracer, th e  c o s t o f  find ing  th e  su rface  in te rsec tio n s  g e n ­
era lly  o u tw e ig h s th e  c o s t evalu a tin g  th e  su rface  B -sp lin es , p a r tic u ­
la r ly  w h e n  th e re  a re  m an y  N U R B S  su rfaces in  th e  scene . F o r the  
G L  im p lem en ta tio n  th is  is  n o t th e  case. In  b o th  im p lem en ta tio n  
th o u g h , th e  B -sp lin e  ev a lu a tio n  tim e  d o m in a te s  th e  sp h e re  m ap p in g  
an d  lo ca l fram e  c o o rd in a te  conversion . T h e  s im p le  scene  illu stra ted  
in  F ig u re  7 ru n s  a t ro u g h ly  10 fram es p e r  seco n d  on  a  fa s t P C . T h e  
p o ly g o n  an d  sp h e re  a re  e ach  d iv id ed  in to  1 2 8 2 m ic ro -tr ian g le s.
T h e  g lo b a l illu m in a tio n  c o m p u ta tio n  rem a in s  fa r fro m  in te ra c ­
tive. A  sc en e  w ith  o n ly  a  few  su rfaces an d  m o d e s t sam p lin g  (a  
c o a rse  so lu tio n  u ses 7 x  7 k n o ts  p o in ts  fo r th e  su rface  in teg ra tio n  
an d  10 x  10 p o in ts  on  th e  h e m isp h e rica l in teg ra tio n ) an d  o n ly  o n e  
o r  tw o in d ire c t g a th ers  tak es fro m  a  few  seco n d s to a  few  m in u tes. 
M o re  c o m p lica ted  scenes, finer k n o t sam pling , an d  m o re  ite ra tio n s 
c an  p u sh  th e  c o m p u ta tio n  tim e  up  to severa l hou rs on  a  s ing le  p ro ­
cessor.
5.3 R e s u lts
F ig u re s  7 -1 1  a n d  th e  “ tea se r” im ag es show  so m e re su lts  u sin g  o u r 
m eth o d . E x c e p t fo r th e  G L  scene , a ll im ag es  a re  ra y  traced  usin g  
th e  B -sp lin e  shader. T h e  g lo b a l illu m in a tio n  w as co m p u ted  w ith  
fro m  1 to 4  in d ire c t g a th ers . T h e  su rfaces a re  p o ly g o n s , B ez ie r 
p a tch es  an d  tr im m ed  N U R B S . W e g en e ra lly  u se d  th e  A sh ik h m in - 
S h irley  B R D F  [A sh ik h m in  an d  S h irley  2000], b e cau se  it  is energy  
co n serv in g  an d  ex h ib its  th e  F re sn e l b eh av io r o f  in c rease d  sp e cu la r­
ity  a t  g lan c in g  an g les . T h e  sp e cu la r ex p o n en ts  w ere  lim ite d  to  be  
u n d e r 100.
6  C o n c l u s i o n
In  th is  p a p e r w e  have  d em o n s tra ted  th a t w e  can  e ffec tiv e ly  ap p ro x ­
im ate  ra d ia n c e  usin g  a  su itab ly  c ra fte d  h ig h  d im en sio n a l ten so r
r a d ia n c e  BSPLINE_SHADE ( s u r fa c e  S, r e a l  u, r e a l  v, p o in t  e y e  )
// R e t u r n s  t h e  B - s p l i n e  r a d i a n c e  f u n c t i o n  a t  u ,  v ,  a s  v i e w e d  f r o m  e y e .
{
r  —  S (u ,v )
d  — ( e y e  —  r ) /  || e y e  —  r  ||
compute the surface frame x s , y s , z s  at u, v.
compute w , the direction of d  in thelocal frame at u,v
map w  to spline parameters a , 3
return S .L (u , v, a ,  3)
}
r a d ia n c e  BSPLINE_SHADE ( s u r fa c e  S, p o in t  x, u n i t  v e c to r  d  )
// R e t u r n s  t h e  B - s p l i n e  r a d i a n c e  f u n c t i o n  a t  x ,  s i t u a t e d  o n  t h e  s u r f a c e  S  
// a s  v i e w e d  f r o m  t h e  d i r e c t i o n  d
{
compute the u, v parameter values of x on the surface S 
compute the surface frame x s , y s , z s  at u, v. 
compute w , the direction of d  in thelocal frame at u,v 
map w  to spline parameters a , 3  
return S .L (u , v, a ,  3)
}
F ig u re  6: F u n c t i o n s  t o  r e n d e r  a  s u r f a c e  p o i n t  u s i n g  a  B - s p l i n e  r a ­
d i a n c e  f u n c t i o n .  T h e  f i r s t  i s  m o r e  s u i t e d  t o  s c a n - l i n e  r e n d e r i n g ,  t h e  
s e c o n d ,  t o  r a y  t r a c i n g .
p ro d u c t sp line . F u rth e rm o re  w e  can  tak e  ad v an tag e  o f  th e  un ifi­
ca tio n  acco rd ed  by  re p re sen tin g  b o th  g eo m etry  an d  p h y sic a l b e ­
h av io r b y  th e  sam e fu n c tio n a l fo rm . A s th e  ex am p les illu s tra te  the  
re p re se n ta tio n  cap tu res a  w id e  v arie ty  o f  p h e n o m e n a  in  a  sing le  
fo rm . I t  is a lso  am en ab le  to fa s t ev a lu a tio n  a n d  can  d ea l w ith  se lf­
illu m in a tio n  o f  free -fo rm  surfaces.
T h e  sta n d ard  ten so r p ro d u c t B -sp lin es  a re  fa s t to  evaluate , b u t 
th ey  m a y  n o t b e  th e  m o s t  e ffic ien t rep re sen ta tio n . A  m u lti­
re so lu tio n  ap p ro ach , u sin g  sp lin e  w avele ts fo r ex am p le , is lik e ly  to 
re d u c e  th e  s to rag e  req u irem en ts . T h is  co u ld  b e  p a rtic u la rly  u se fu l 
fo r th e  h ig h  f req u e n cy  d e ta il th e  p re se n t m e th o d  m isses.
In  th is p a p e r  w e  have  tak en  a  ra th e r  d irec t ap p ro ach  to th e  a p ­
p ro x im a tio n  an d  in teg ra l evalu a tio n . O u r im ag es a ll u se  un ifo rm  
k n o t sp ac in g  bo th  fo r re p re se n ta tio n  an d  fo r in teg ra tio n . N o n u n i­
fo rm  k n o ts  co u ld  im p ro v e  th is. K n o t c lu s te rin g , fo r ex am p le , cou ld  
im p ro v e  th e  re p re se n ta tio n  o n  a  sp e cu la r su rface , o r a  su rface  w ith  
n o n -u n ifo rm ly  d istr ib u ted  deta il.
O u r ap p ro ach  to evalu a tin g  th e  illu m in a tio n  in teg ra ls  is very  
s tra ig h tfo rw ard . W e hav e  n o t a ttem p ted  to speed  th e  co m p u ta tio n  
b ecau se  w e  v iew  it  as a  p re -p ro cess . F or exam p le , th e  h em isp h e r­
ica l in teg ra l co u ld  b e  im p o rtan c e  sa m p le d  acco rd in g  to th e  B R D F, 
an d  s im ila rly  th e  k n o t d istr ib u tio n  fo r th e  su rface  in teg ra l evalu a tio n  
c an  be  a d ju s te d  to cap tu re  a  B R D F  spike . H ie ra rch ica l o r  c lu s te rin g  
m e th o d s m ig h t a lso  im p ro v e  p e rfo rm an ce .
F inally , w e  n o te  so m e n a tu ra l ex ten sio n s. T im e  vary ing  rad ian ce  
is a  re la tiv e ly  s im p le  ex ten sio n , as is th e  re p re se n ta tio n  o f  v o lu m et­
r ic  da ta , in c lu d in g  sca ttering .
In  su m m ary  w e  co n c lu d e  th a t ten so r p ro d u c t B -sp lin es  a re  a  flex­
ib le  re p re se n ta tio n  fo r en co d in g  v ie w -d ep en d en t su rface  rad ian ces . 
I t  is lik e ly  th a t m o re  ga in s lie  in  th is d irec tio n .
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Figure 7: O p e n G L  renderings of a simple scene (global illumina­
tion computed offline) using a B-spline shader. Each object is ren­





Figure 8: 2 D  B-splinesfor a diffuse surface with varying degree and  
knot density. Note the degree 1 case reduces to linear interpolation. 
The tensor product nature is most noticable on shadow edges diag­
onal to the knot lines. Discontinuity meshing helps with this, here, 
only one division was necessary for a good approximation at the 
point of contact.
Figure 9: A  rectangle with a phong-like transmission function cast­
ing light onto a plane (left), an isotropic and anisotropic sphere 
(right).
Figure 10: A  mug with much indirect lighting (5 indirect iterations) 
and a translucent cup. The mug consists of only two surfaces, (one 
for the handle, one for the cup) with 10  knots in each angular p a ­
rameter and 41 in the spatial parameters. The cup is a single sur­
face, with 1 7  knots in each parameter.
Figure 11: A n  anisotropic sphere and a transparent sphere, illumi­
nated by a source in the shape of a light-bulb. The left sphere has 
7 knots in each parameter; the right, 21. Notice there are sufficient 
knots (25 in each dimension) on the table to reproduce the caustic, 
but not the shadows.
